Abstract. We study the structure of the spectrum of the infinite XXZ quantum spin chain, an anisotropic version of the Heisenberg model. The XXZ chain Hamiltonian preserves the number of down spins (or particle number), allowing to represent it as a direct sum of Nparticle interacting discrete Schrödinger-type operators restricted to the fermionic subspace. In the Ising phase of the model we use this representation to give a detailed determination of the band and gap structure of the spectrum at low energy. In particular, we show that at sufficiently strong anisotropy the so-called droplet bands are separated from higher spectral bands uniformly in the particle number. Our presentation of all necessary background is self-contained and can serve as an introduction to the mathematical theory of the Heisenberg and XXZ quantum spin chains.
Introduction
Quantum spin systems have been widely used in theoretical physics and more recently in information theory as models in the study of many-body quantum systems. Single noninteracting quantum spins are very easy to describe, as they act in low finite-dimensional Hilbert spaces (C 2 in case of a 1/2-spin). Quantum spin systems thus become models which allow to almost exclusively focus on the complicated effects of interactions. In this spirit, our personal interest in quantum spin systems arose from trying to identify quantum many-body systems in which disorder effects (such as localization) can be rigorously studied. From this point of view the work presented here can be considered as a preliminary investigation of the quantum XXZ chain subject to an exterior magnetic field, which we plan to continue in future work by studying the case of random magnetic field.
The XXZ chain is a one-dimensional anisotropic version of the spin-1/2 Heisenberg (or XXX) model. One of the XXZ chain's key properties, making it accessible to rigorous investigation, is that it preserves the particle number, i.e. the number of, say, down spins in a spin configuration.
One of our goals here is to reiterate that this property can be understood in terms of the fact that the Hamiltonian describing the XXZ spin chain is unitarily equivalent to a direct sum of N-body discrete Schrödinger-type operators, each restricted to the fermionic subspace of antisymmetric states and involving attractive nearest neighbor interactions. While many aspects of this have been used at least implicitly in the physics and mathematics literature on the XXX and XXZ chain (in particular, the resulting representation (4.24) below is well known), this connection seems to be widely unknown among mathematicians working in the spectral theory of Schrödinger operators. Thus we hope that our work can trigger further applications of the wealth of knowledge in Schrödinger operator theory to quantum spin systems. It is mostly for this reason that we have written this paper from the pedagogical perspective of not only presenting some new results, but also surveying known facts from a somewhat different point of view and with self-contained proofs, trying to make this knowledge accessible to a new and wider audience.
Much of the mathematical interest in the Heisenberg and XXZ chains has arisen from the fact that their infinite volume versions provide examples of exactly solvable systems. This was accomplished by rigorous implementations of the Bethe ansatz, originating from [6] , leading to an exact diagonalization in terms of a Plancherel formula or complete generalized eigenfunction expansion. For the Heisenberg chain this is done in the series of papers [22, 2, 3, 4] , which also discusses consequences for the scattering theory of the Heisenberg chain and that it provides an example of a completely integrable system. Later, the extension of the completeness result to the anisotropic XXZ chain was discussed in [5, 11, 12] .
As far as we can see, some of the technical details of these results have never been published. But note that [7] announces a new proof of completeness of the Bethe ansatz for the XXZ chain as work in preparation. Among recent works on the Bethe ansatz for the Heisenberg chain we also mention [14] which provides many additional references.
Our main interest here, motivated by future applications to the XXZ chain in exterior magnetic field, lies in the structure of the low energy bands and gaps of the spectrum of the infinite volume XXZ Hamiltonian and its restrictions to the N-particle subspaces. Mathematical results on the ground state properties and low energy spectrum of the XXZ chain can be found in [15, 16, 17, 18, 20] , where further references, including to the physics literature, are provided. These works, as well as ours, are generally concerned with the Ising phase of the XXZ chain, where the Z-term (Ising term) dominates the X and Y-terms in the Hamiltonian.
Our approach in this paper could be characterized as "semi-hard". Following the approach in [18] , we use a rigorous version of the Bethe ansatz to study the low lying spectrum of the infinite XXZ chain, in particular the so-called droplet bands. In a sufficiently strong Ising regime this indeed gives the full spectral resolution of the XXZ Hamiltonian at the bottom of its spectrum. Then we use "softer" methods, in particular an HVZ-type theorem, to identify higher energy bands without attempting to prove completeness or explicitly describing all generalized eigenfunctions.
We start in Section 2 by introducing the finite XXZ chain and recalling some basic facts, specifically particle number preservation and the structure of ground states. What we present here can be considered common wisdom, which we learned in private communication from B. Nachtergaele. Logically Section 2 is independent from the rest of our paper, which is concerned with the infinite XXZ chain, but Section 2 serves to motivate what follows.
In Section 3 we essentially follow [18] in the definition of the infinite XXZ chain, also including an exterior magnetic field of variable strength in the Z direction. This can be understood as an explicit construction of the GNS Hilbert space for the infinite volume XXZ chain relative to the all-spins-up vacuum vector and is enabled by particle number preservation (i.e. we may first introduce the restriction of the infinite XXZ chain to states with fixed particle number and then take a direct sum).
Then we show in Proposition 4.1 of Section 4 that the restriction of the infinite XXZ chain to the N-particle sector is unitarily equivalent to an N-body discrete Schrödinger operator restricted to the fermionic subspace. Due to working with the one-dimensional XXZ chain, this operator can also be directly expressed as a Schrödinger-type operator over the subgraph of ordered lattice points x 1 < x 2 < . . . < x N of Z N , as pointed out in (4.24) below. Much of the rest of our work, Sections 5 to 7, is devoted to a thorough study of the spectrum of the free infinite XXZ chain (i.e. in the absence of an exterior field). In this, based on the insights from Section 4, we are strongly guided by ideas from N-body scattering theory.
The construction and exact determination of the droplet spectrum for each N-particle sector of the XXZ chain in Section 5, while quite closely following [18] in the details and using a rigorous version of the Bethe ansatz, thus is seen as determining the spectrum corresponding to one particular scattering channel, namely the one in which all N particles form a single cluster. Then in Section 6, via a classical approach from scattering theory, we use an HVZ-type theorem to determine other contributions to the spectrum corresponding to more complicated cluster decompositions of the N particles. We do this for a general class of discrete N-body Schrödinger operators, only assuming that the interaction potential decays to zero and the kinetic energy operator is translation invariant. Proposition 6.1 provides an HVZ-type theorem for the full N-particle Hilbert space, which is then shown in Proposition 6.2 to also hold for the restrictions of the N-body operators to the symmetric and anti-symmetric subspaces.
When applying the results of Section 6 to our particular model, in light of the attractiveness of the interaction, it is to be expected that the droplet band is the lowest band of the spectrum. As far as the ground state is concerned this is seen already in Section 5, e.g. Corollary 5.2 (and also contained in [18] ), which says that the bottom of the droplet spectrum gives the spectral minimum of the XXZ chain in each N-particle sector.
What we consider much more important for potential later applications is Proposition 7.3 in Section 7, which can be thought of as the main result of our paper: If the anisotropy parameter ∆ characterizing the Ising phase is sufficiently large (∆ > 3 will suffice), then the entire droplet band is strictly separated by a gap from the rest of the spectrum in the Nparticle sector and this gap can be chosen uniform in the particle number N. In fact, ∆ > 3 will be needed to cover the somewhat trivial case N = 1. For all other particle numbers, ∆ > 2 suffices to create a uniform gap and we will see that these values are sharp.
This also means that for ∆ > 3 the infinite XXZ chain has a non-trivial spectral gap above the union of all N-particle droplet bands. This may be considered an analogue to a result for the finite XXZ chain proven in [17] (where, however, the size of ∆ required for this is not explicitly quantified).
In Section 8 we conclude with some remarks on the consequences of exposing the XXZ chain to an exterior magnetic field and, in particular, to a random field. We mention some initial results on this which were proven in the thesis [10] . The latter also contains most of the other results presented here, often with more detailed proofs. We will also comment on perspectives provided by our results for proving localization properties of the XXZ chain in random field near its spectral minimum.
The finite XXZ spin chain in transversal field
For much of our work we will consider the infinite XXZ chain, but it is instructive to start by recalling the finite XXZ chain and review some of its properties.
The canonical basis vectors in C 2 will be denoted by 
For these basis vectors we will also use symbols such as
be the standard spin-1/2-matrices and (2.4)
be the spin raising and lowering operators. The XXZ chain is the self-adjoint Hamiltonian
on H [1,L] , where
Here, as usual, the notation A x indicates that a matrix A acts on the x-component of the tensor product. The exchange operator t x,x+1 acts on a product state by exchanging its components at the sites x and x + 1, while π x,x+1 acts on the basis vectors (2.2) as the identity if the sites x and x + 1 have the same spin and as the negative identity if these sites have opposite spins. The parameters γ and ∆ are assumed non-negative, which is often referred to as the ferromagnetic case. Special cases include the Heisenberg chain (γ = 1/∆), the Ising chain (∆ = ∞) and the isotropic XY (or XX) model (γ = 0).
Here we generally consider the Ising phase of the XXZ chain, i.e. we assume γ > 1/∆ > 0. In fact, in this case nothing will be gained by keeping γ flexible, thus from now on we set (2.7) γ = 1 and 1 < ∆ < ∞.
Working with the renormalized form of the XXZ chain, given by the extra 1 4 1l terms in the first line of (2.6), has the consequence that in the Ising phase the two terms in the last line of (2.6) are non-negative (this renormalization is also needed to extend the definition of the XXZ chain to infinite volume in the next section). From this one can see that the ground state energy of H [1,L] is 0 and that the corresponding eigenspace is two-dimensional, spanned by | ↑↑ . . . ↑ [1,L] and | ↓↓ . . . ↓ [1,L] , the all-spins-up and all-spins-down states (justifying the use of the term "ferromagnetic", as it is energetically optimal for all spins to be parallel). This is well known and sometimes referred to by saying that the XXZ chain in the Ising phase is "frustration free", allowing to find ground states as the intersection of null spaces of non-negative terms. Details on this are provided in [10] .
such that all ν x ≥ 0 and define
where (2.9)
Thus, up to an energy shift H [1,L] (ν) is the Hamiltonian of the XXZ chain in an external transversal magnetic field of variable strength ν. Choosing the field ν x non-negative makes
be the total magnetization operator. Then
− N : N = 0, 1, . . . , L}, with eigenspace corresponding to
i.e. the subspace of H [1,L] spanned by all the states with N down spins, called the N-magnon space or N-magnon sector. By (2.11) 
.
Note that we may also think of H 
is the total particle number operator, characterized by ] . In this interpretation the N x take the role of local particle number operators.
Thus
is the restriction of the XXZ-Hamiltonian to the N-particle states.
The infinite XXZ chain
Here we essentially follow [18] in the introduction of the infinite XXZ chain. This can be understood as a direct definition of the GNS representation of the infinite volume limit of the finite XXZ chain relative to the all-spins-up ground state (or vacuum vector).
We start with the countable set of all finite subsets of Z,
and let H Z = ℓ 2 (M) be the space of all square-summable functions from M to C,
We denote its canonical basis by
Represent these basis vectors as infinite arrays
with"↓" in the finitely many positions x ∈ J and "↑" otherwise. In this representation the all-spins-up vector
takes the role of the vacuum vector from which all basis vectors φ J can be generated by successive application of the spin lowering operators,
By the rules described in Section 2 we let the operators t x,x+1 , π x,x+1 and thus, via the last identity in (2.6), h x,x+1 act on the basis vectors φ J in the representation (3.1).
In the following, we denote by ℓ 2 0 (M) the finite linear combinations of elements of {φ J : J ∈ M} or, in other words, the subspace of finitely supported vectors in
In particular, for any given J ∈ M we have h x,x+1 φ J = 0 for all but finitely many x. This shows that we may define a linear operator H Z,0 on ℓ
By checking that the operators t x,x+1 and π x,x+1 are hermitean and isometric on ℓ 2 0 (M) it can be verified that H Z,0 is hermitean and non-negative. As
For N = 0, 1, 2, . . . consider the subspaces 
Also, the sets ℓ
, which is seen in the same way as for finite systems. Thus the restrictions
are non-negative symmetric operators in H N Z . Proposition 3.1. For every N = 0, 1, 2, . . ., and every f ∈ ℓ 2 0 (M N ), we have
Proof. It is clear how the local particle number operators N x act on the basis vectors φ J represented by (3.1) and thus on f ∈ ℓ 2 0 (M), where N x f = 0 for all but finitely many x. Thus we can also let the total particle number operator N = x∈Z N x act on ℓ 2 0 (M) and get N f = Nf for all f ∈ ℓ 2 0 (M N ). Next we claim that for any x ∈ Z and for any f ∈ ℓ 2 0 (M) it holds that
For this purpose, it is justified to consider just the actions of these operators on C 2 ⊗ C 2 , representing the sites x and x + 1, as they leave the other entries unaffected and we only sum over finitely many basis elements. Thus, let us look at the
, which is an eigenbasis of N x + N x+1 as well. Thus in this basis (3.9) becomes a claim for diagonal matrices, which one can check explicitly. Now, for f ∈ ℓ 2 0 (M N ) we may sum (3.9) over x (with only finitely many non-trivial terms) and get
which completes the proof. It now follows from general facts on direct sums (see e.g. Exercise 5.43 in [23] ) that H Z,0 is essentially self-adjoint in H Z and that its self-adjoint closure H Z := H Z,0 is non-negative and satisfies (3.13)
It is easy to incorporate a bounded exterior field ν = (ν x ) x∈Z , 0 ≤ ν x ≤ ν max for all x ∈ Z, in the above construction of the infinite XXZ chain: On ℓ 2 0 (M) let (3.14)
which, as before, leaves the subspaces H N Z invariant. By modifying the proof of Proposition 3.1 one sees that the restrictions H
Thus the
The relation of the XXZ chain to discrete Schrödinger operators
We will now show that H N Z (ν), the restriction of the XXZ Hamiltonian to the N-particle subspace, is unitarily equivalent to an N-body discrete Schrödinger operator restricted to the antisymmetric subspace ℓ
for all permutations σ ∈ S N . In fact, the equivalence will arise by simply identifying the basis
Here e x are the usual canonical basis vectors of ℓ 2 (Z). To accomplish this more formally, let
Let h 0,Z be the discrete Laplace operator on ℓ 2 (Z),
and h 0,Z (ν) = h 0,Z +ν be the discrete one-particle Schrödinger operator with bounded potential
. Here (h 0,Z (ν)) j acts non-trivially as h 0,Z (ν) on the j-th component of simple tensors and W is the multiplication operator by
Notice that the latter can be written as
with Q given by 
Due to the boundedness of the operators on both sides of (4.8), we only need to check that this identity holds when applied to the canonical basis vectors. This is how all the following calculations are to be understood.
At first, we need the following two identities of operators:
, which can be checked by direct inspection. The two-site Hamiltonian h x,x+1 can therefore be written as
Summing over x and including the magnetic field yields
Now, let J ∈ M k and observe that N x N x+1 φ J = φ J if {x, x + 1} ⊂ J, while it vanishes otherwise. Carrying out the summation over x and writing J = {x 1 , x 2 , . . . , x N } therefore yields
Combining this with (4.14)
Moreover, it holds that
Summing this expression over x therefore yields (4.18)
To finish the proof, it remains to show that
For this purpose, let P a be the orthogonal projection onto ℓ 2 a (Z N ), which is explicitly given
. , x N are pairwise disjoint and 0 otherwise.
Moreover, the N-particle operator N j=1 (h 0,Z ) j preserves anti-symmetry, i.e. it commutes with the projection P a .
Thus we can calculate
which is the desired result.
The identity shown in (4.20) can be used further to identify the restriction of N j=1 (h 0,Z ) j to the anti-symmetric subspace with the adjacency operator on a suitable graph. Namely, let
be the set of ordered integer N-tuples, which we think of as a subgraph of Z N , i.e. edges are given by next neighbors with respect to the ℓ 1 -distance. Moreover, let h (X N ) 0 denote the adjacency operator on X N , i.e., for any f ∈ ℓ 2 (X N ) and for any x ∈ X N ,
Next neighbors of a point (x 1 , . . . , x N ) ∈ X N are exactly the points (4.23) (x 1 , . . . , x j−1 , y, x j+1 , . . . , x N ), j ∈ {1, . . . , N}, y ∈ {x j − 1,
Thus, by (4.20) , under the identification of the basis vectors e (x 1 ,...,x N ) and e (x 1 ,...,x N ) , the restriction of
. Including also the terms in (4.15) we thus have
, where W and V are given by (4.5) and (4.16). Here we slightly abuse notation by not renaming a unitarily equivalent operator (which arises by simply identifying canonical basis vectors). For the rest of this paper the notation H N Z (ν) will refer to (4.24). In summary, we have shown that the Hamiltonian of the infinite XXZ chain in exterior magnetic field is unitarily equivalent to an infinite direct sum (over N) of discrete interacting N-body Schrödinger operators or, equivalently, of the Schrödinger-type operators (4.24) . This is easily seen to extend to the finite XXZ chain (2.8), where instead of the discrete Laplacian (4.3) on Z one uses its truncation to the discrete interval [1, L] . In this case the direct sum (3.16) is finite, ranging from N = 0 to N = L, and all spaces are finite-dimensional.
The droplet spectrum
The purpose of this section is the computation of the lowest energy band of the operators H N Z = H N Z (0), given by (4.24) with V = 0 and corresponding to the restriction to the Nparticle subspace of the infinite XXZ chain without exterior field. For reasons that will become clearer in the following this band will be called the doplet band.
Much of the content of this section is due to [18] . In fact, what we do here can be considered as a re-organized presentation of material from [18] . Instead of reasoning within the framework of spin systems we take a more "Schrödinger operator point of view", made possible by the connections pointed out in Section 4 above.
One important observation is the fact that in the absence of an exterior field our system shows translation invariance. Thinking of the N particles (or down-spins) as located along the Z-axis and interacting with each other, we understand that it is only their relative distance that matters, which allows us to reduce the problem by one dimension.
As a result, we are going to obtain low energy states that -because of the attractive interaction potential W -are localized at small particle distances, i.e. they form a droplet.
5.1.
A coordinate change. For N ≥ 2 (with N = 1 being trivial) the translation invariance of our system becomes clearer after the unitary coordinate change V 0 :
and that as new variables (x, n 1 , . . . , n N −1 ) we use the position x of the first particle and the distances n i between the i th and (i + 1) th particle. To simplify notation, set m := N − 1. Let us consider the unitarily equivalent operator and the vertices are labeled by the value of the potential W + 2 · 1l. 
Compare this with Figure 5 .2 which shows the action of H 2 , i.e. after the change of coordinates. Again, the edges have a weight of −
2∆
and the potential depicted is now W + 2 · 1l.
Let us now give an explicit formula for the action of h (Z×N m ,Γ) 0 in terms of a "hopping operator", i.e. as a combination of translations. To this end, let T be the right-shift on ℓ 2 (N),
Observe that its adjoint T * is then just given by the (properly truncated) left-shift operator, i.e. (T * u)(n) = u(n + 1) for all n ∈ N. By T j , T * j , j = 0, 1, . . . , m, we denote the corresponding shifts which act on the j-th variable of functions in ℓ 2 (Z × N m ) with the understanding that
T 0 and T * 0 correspond to (non-truncated) shifts of the first coordinate in Z. Then h
Equation (5.4) could be shown by a direct calculation. However one could also be convinced that this equation holds true by a short picture-proof. For example, consider a particle hopping to its left (the second particle in the sketch).
•
This operation is described by the operator T 1 T * 2 . The fact that a particle cannot hop if the neighboring site is occupied is reflected by the truncation of the right-shift operator, i.e. (T f )(1) = 0.
The interaction potential ( W ϕ)(x, n 1 , . . . , n m ) = − #({i : n i = 1}) ϕ(x, n 1 , . . . , n m ) decomposes into the sum of m two-particle interactions,
with Q from (4.7) and Q i the operator acting as Q on the i-th coordinate. Moreover, let us define N = N \ {1}. For j ∈ {1, . . . , m} let P j be the orthogonal projection onto the space of functions ϕ ∈ ℓ 2 (Z × N m ) with
Then it is easy to observe that Q i = P i − 1l, which enables us to write
Fourier transformation in x-direction.
Observe that W only depends on the relative distances between the particles and therefore is independent of x. Thus H N is invariant under translations in x-direction and, analogously to [18] , we can reduce the dimension by one with a Bloch expansion. In the new coordinates this simply becomes a Fourier transform in the x variable.
For this purpose, we identify ℓ
) and apply the Fourier transform
given by
and inverse
By translation invariance, the operator
where 
For N = 2 these operators take the form of Jacobi matrices (5.14) and the vertices are labeled with the values of P 1 + P 2 + 1l, which now are 1, 2 or 3. As a special feature, the horizontal edges of this graph are directed now. Moving along these edges one picks up a phase e ±iϑ , depending on the direction.
5.3.
Computation of the droplet spectrum. In this section, we will use the Bethe ansatz to determine an eigenvalue E N (ϑ) of H N (ϑ). As ϑ varies, these eigenvalues yield the droplet band of H N Z introduced in (5.40) below. Proposition 5.1. For m ≥ 2 and ϑ ∈ (−π, π) let ϕ ϑ be a function from N m to C, which is defined as
where the numbers
are determined by the following Jacobi matrix equation:
Then (a) there exists a number E N (ϑ) such that ϕ ϑ is a solution to the equation The proof of part (b) below will also show that a i (ϑ) = 0 for all i = 1, . . . , m.
We have to distinguish two cases.
• First case: All n i > 1. In this case, all of the shift operators of the form T j T * j+1 as well as all projections P j yield a contribution and we obtain from (5.13) and (5.15) that
where we have omitted the argument ϑ.
• Second case: For some i ∈ I ⊂ {1, . . . , m} we have that n i = 1. This means that all terms in (5.13), which are operators of the form T * i−1 T i and T * i+1 T i for i ∈ I as well as all projections {P i } i∈I give zero contribution in this case. Thus for n i = 1, terms of the form 
Again we are going to omit the argument ϑ. Using only the homogeneous part of (5.23), i.e. the rows corresponding to −(L − 1) ≤ k ≤ L − 1 shows that the solution is of the form
where ±ρ = log(∆ ± √ ∆ 2 − 1) are the logarithms of the eigenvalues of the transfer matrix 
To give an upper bound for the |b n |'s we use the already observed fact that |b n | is monotonically increasing in |n|. It therefore suffices to estimate |b L |:
As we have 2 cosh(ρ(L − 1)) ≤ 2∆ cosh(ρL) and 2 sinh(ρ(L − 1)) ≤ 2∆ sinh(ρL) it is clear that
This and (5.30) readily imply that |b L | 2 ≤ 1/∆ 2 < 1. Moreover, observe that for ϑ = ±π we have that cos(ϑ/2) 2 > 0 and therefore (Re (c + )) 2 > 0, which implies |b n | > 0 for all n ∈ {−L, . . . , L} according to equation (5.27 ). This completes the proof of (b).
Using equations (5.22), (5.26) and (5.29), we are now able to give an explicit formula for a k (ϑ). Observe that the definition ρ = log(∆ + √ ∆ 2 − 1) is equivalent to ∆ = cosh ρ, which allows to simplify Finally, let us compute the eigenvalue E N (ϑ). This is most easily done by evaluating (5.17) at the site n 1 = . . . = n m = 1, because at this site H N (ϑ) acts simply as − 
With the values from (5.36) and after some simplification we arrive at
where, as before, ρ is the positive number such that cosh(ρ) = ∆. The reason that ϑ = −π had to be excluded in the above construction is that in this case the eigenfunction given by (5.15) may vanish identically. Nevertheless, the formula (5.38) gives an eigenvalue of H N (ϑ) also for ϑ = −π. This is seen as follows: • If N is odd, than nothing changes in the above construction, as it still holds that 0 < |a k (ϑ)|, 1 ≤ k ≤ N − 1 (note that the imaginary part of the second factor in (5.36) is non-zero).
• If N is even, then (5.36) yields a N/2 (−π) = 0 so that ϕ −π given by (5.15) would vanish.
In this case the correct eigenfunction is given by
Note that this eigenfunction is supported on the hypersurface n N/2 = 1 in N N −1 . 
of H N Z corresponding to energies in the droplet band. These functions attain their maximal absolute value if and only if x i+1 − x i = 1 for all i and decay exponentially in x i+1 − x i for all i. In our N-body interpretation this means that all N particles (or down spins in the XXZ chain) are tightly packed together, forming a droplet, with corrections decaying exponentially in all the particle distances.
While we assumed m ≥ 2 and thus N ≥ 3 in Theorem 5.1, the formula (5.40) holds true also for N = 1 and N = 2. This is trivial for N = 1 as
Thus in this case δ 1 covers the entire spectrum, although the interpretation as droplet spectrum does not make sense in the presence of a single particle. For N = 2 we have the Bloch decomposition (5.14), but defining the coefficients in the Bethe ansatz by (5.16) does not make sense in this case. Instead, observe by direct inspection that, for ϑ ∈ (−π, π),
is an exponentially decaying eigenfunction of H 2 (ϑ) to the eigenvalue E 2 (ϑ) = 1 − 1+cos(ϑ) 2∆ 2 . For ϑ = −π we have the eigenfunction ϕ −π (n) = δ 1 (n) with eigenvalue 1 (note that H 2 (−π) is the diagonal matrix P 1 + 1l). The union of these eigenvalue over −π ≤ ϑ < π is the droplet band
with corresponding droplet generalized eigenfunctions f ϑ (x 1 , x 2 ) = e −iϑx 1 ϕ ϑ (x 2 − x 1 ), as in (5.43).
Corollary 5.2. The minimum of σ(H
Proof. For ϑ = 0 look at the eigenfunction ϕ 0 . From equation (5.36) we see that But we already know that E N (0) ∈ σ H N Z , which means that E N (0) has to be the spectral minimum.
An HVZ type theorem
Our next goal is a more thorough description of the spectrum of the restrictions H N Z of the free XXZ chain to the N-particle subspace. Having identified these operators as discrete N-body Schrödinger operators in Section 4 will allow us to do this in terms of cluster decompositions of the N-particle system and a related HVZ type theorem. In this section we will consider a more general class of N-body operators, followed by an application to our specific model in Section 7 below.
While HVZ theorems and the underlying methods are very classical and it is unlikely that our particular result is entirely new, we have not found a proper reference for this in the context of discrete Schrödinger operators. We start with a result for the "full" N-particle Hilbert space, i.e. without symmetry restrictions, and then show that a similar result holds for the symmetric and anti-symmetric subspaces. As we are only dealing with bounded Hamiltonians in ℓ 2 -spaces, the proofs are quite straightforward and considerably simpler than the technically more involved arguments in proofs of HVZ theorems for classical (continuum) Schrödinger operators, see e.g. Section XIII.5 in [19] , where also many references can be found, including to the original works by Hunziker, Van Winter and Zhislin.
6.1. An HVZ type theorem. As one-particle operator we choose an arbitrary bounded, self-adjoint and translation invariant operator h in ℓ 2 (Z), i.e.
where (T x f )(y) = f (y − x) for all y ∈ Z.
For the interaction potential Q : {0, 1, 2, . . .} → R we assume that
The interacting N-particle Hamiltonian on
Proposition 6.1. For any N ∈ Z let H N be the N-particle Hamiltonian defined by (6. 3) with assumptions as above. Then, for any m ∈ {1, 2, . . . , N − 1}, we have
Proof. Let λ ∈ σ(H m ) and µ ∈ σ(H N −m ). As H m and H N −m are bounded, there are finitely supported and normalized Weyl sequences ψ n ∈ ℓ 2 (Z m ) and ϕ n ∈ ℓ 2 (Z N −m ) to λ and µ, respectively, i.e.
see, e.g., Theorem 7.22 in [23] . Thus there are finite integers σ min/max n and τ min/max n such that
To ε > 0 let R ∈ N be such that
for all r ≥ R .
For all n ∈ N choose c n ∈ Z such that
where T (cn,...,cn) denotes a multi-dimensional translation along the diagonal in Z N −m . Note that the χ n are normalized in ℓ 2 (Z N ). We may write (6.12) H
which, together with [T (cn,...,cn) , H N −m ] = 0, yields
Q ij χ n .
By (6.9) and (6.10) each term in the sum on the right hand side is less than ε/(3m(N − m)), and thus the sum less than ε/3, uniformly in n. For n sufficiently large the other two terms on the right hand side will also be less than ε/3 and thus (H N − (λ + µ))χ n < ε, proving that λ + µ ∈ σ(H N ).
6.2. Extension to symmetric and antisymmetric subspaces. In Proposition 4.1 we have shown that, when considered on the N-particle subspace, the infinite XXZ spin chain is equivalent to the restriction of a discrete N-body Schrödinger operator to the antisymmetric subspace ℓ
. In order to apply the result of Proposition 6.1 to our specific problem, we therefore have to extend its result to antisymmetric subspaces. This will also work for symmetric subspaces.
Let ℓ 2 a (Z N ) be the antisymmetric subspace of ℓ 2 (Z N ) as introduced in Section 4 above, and also consider the symmetric subspace ℓ
for all σ ∈ S N . The symmetric and antisymmetric subspaces are invariant under H N . Let H 
Proof. For i ∈ {m, N − m, N} and σ ∈ S i consider the unitary permutation operators
Then the orthogonal projections P
With this one can formally check that [H N , P (N ) * ] = 0, * ∈ {s, a}, i.e. the invariance of the symmetric and antisymmetric subspaces under H N claimed above (which also could be considered as physically evident).
Observe that
where S ′ N ⊂ S N are the permutations which do not decompose into separate permutations of {1, . . . , m} and {m + 1, . . . , N}, i.e.
To see that this is true, consider permutations σ ∈ S N \ S ′ N , which can be decomposed as U σ = U µ ⊗ U ν , where µ ∈ S m and ν ∈ S N −m . Thus (6.22) 
with c n sufficiently large to guarantee a wide separation of the supports of ψ n and T (cn,...,cn) ϕ n . But note that the tensor product of the symmetric (or antisymmetric) states does not have the full symmetry in N variables, so that in (6.23) we need to project into the symmetry subspace.
As a result χ n is not normalized. However, if we can show that (6.24) χ n ≥ c > 0 uniformly in n, then the arguments in the proof of Propostion 6.1 would go through as before (as the χ n could be renormalized). Thus it remains to show (6.24).
To simplify notation let us set K n := supp ψ n and L n := supp (T (cn,...,cn) ϕ n ) .
Write z = (x, y) ∈ Z N with x ∈ Z m and y ∈ Z N −m and consider the symmetric case (the same argument works for the antisymmetric case). Using (6.19) we find
It is clear that
Moreover, we only sum over the supports of the Weyl sequences, which are disjoint by application of the shift operator. Thus it is easy to see that for any σ ∈ S ′ N , (6.27)
So, we conclude that
By repeated application this extends to decomposition into arbitrarily many clusters:
Corollary 6.3. Let H N be defined as above. Then for any partition of N, i.e. positive integers (n 1 , n 2 , . . . , n k ) such that
, where * ∈ {s, a}.
The structure of the spectrum
In this section we return to the study of the structure of the spectra of the operators
This was initiated in Section 5 by identifying the droplet spectrum δ N ⊂ σ(H N Z ), which in the sense of scattering theory corresponds to the channel in which all N particles form a single cluster and can be exactly calculated as (5.40) using the Bethe ansatz. We can now combine this with the general results of the previous section to find additional subsets of the spectrum corresponding to scattering channels for other cluster decompositions of the particles. Here the knowledge of the exact form of the droplet bands (5.40), in particular the monotonicity and convexity properties of its endpoints as functions of N, will allow for a very explicit and simple characterization of the arising cluster bands, see Section 7.1.
We will not attempt to prove for general N that the union of cluster bands gives the entire spectrum of H N Z . In particular, from the existence of gaps between the cluster bands we can not conclude that σ(H N Z ) has gaps. Nevertheless, In Section 7.2 we will use other methods to prove the existence of gaps in the spectra of H N Z as well as in the spectrum of H Z , requiring that ∆ is sufficiently large. 
Each δ (n 1 ,...,n k ) is an interval. As the number of possible partitions increases rapidly in N, this might lead to the idea that the total cluster spectrum
might become very complicated for large N. However, we will show next that C(N) is a union of N bands, each corresponding to partitions with a given number k ∈ {1, . . . , N} of components. To this end, let
be the set of all partitions of N with exactly k components. Define the k-cluster band C k (N) as
The following proposition will justify the name "cluster band " and also provide a simple formula for C k (N). In particular, this verifies that the total cluster spectrum C(N) = N k=1 C k (N) is a union of at most N bands.
Proof. First, we show that C k (N) is an interval. To this end, observe that the lower/upper boundary of δ N as given by (5.40) is increasing/decreasing in N,
which shows that all δ N have the point
in common. Thus, for any δ (n 1 ,...,n k ) we know that
But a union of intervals, which all have at least one point in common has to be an interval itself. It remains to prove (7.6), which will be done by explicitly determining the minimum and maximum of C k (N). The cases k = 1 and k = N are trivial.
At first, we argue that for any ℓ ∈ {1, . . . , N − 1} it holds that
which corresponds to the case of k = 2 clusters. To see this, just observe that the function for the lower boundary of the droplet bands is concave, respectively convex for the upper boundary,
Proceeding inductively, assume that (7.6) holds for up to k clusters. Then for any combination of k + 1 droplet bands with k+1 i=1 n i = N, we see that
where (7.10) was used on the last two terms. This is the desired result for the minimum. The argument for the maximum works analogously.
The identities (5.40) and (7.6) give explicit expressions for the droplet bands δ N and total cluster spectra C(N) in terms of N and ρ. We find it instructive and useful for later reference to also provide these formulas in terms of the anisotropy parameter ∆ = cosh ρ, at least for particle numbers up to N = 3. In addition to the formulas (5.44) and (5.46) for δ 1 and δ 2 we find from hyperbolic identities that (7.13)
which yields the cluster spectra
Note, in particular, that for N = 2 and N = 3 the droplet band is not separated from the rest of the cluster spectrum, unless ∆ is sufficiently large. We can also use the above results to identify a large subset of the spectrum of the Hamiltonian H Z of the infinite XXZ chain, which by (3.13) is the direct sum of the H N Z . Corollary 7.2. For every ∆ > 1 it holds that
where we have set C(0) := {0}.
Note that we are not claiming that C(N) coincides with
) and that this is indeed not true.
Proof. As C(N) ⊂ σ(H N Z ) we have by (3.13) that N ≥0 C(N) ⊂ σ(H Z ), where N = 0 corresponds to the vacuum energy E = 0. It remains to show equality of the two unions in (7.17), where we only need to consider N ≥ 1 and k ≥ 1. One of the necessary inclusions follows from (7.18) k
On the other hand, as δ k ⊂ δ 1 for all k,
which yields the second inclusion.
It remains an open problem if equality holds in (7.3), i.e. C(N) = σ(H N Z ) for all N ∈ N, and thus (7.17) gives the entire spectrum of the infinite XXZ chain. The only cases where we can verify this are the trivial case N = 1 and the slightly less trivial case N = 2. In the latter one can use tools from the theory of Jacobi matrices to determine the exact spectrum of the fiber operators H 2 (ϑ) from (5.14), namely
for all ϑ ∈ [−π, π), whose union σ(H 2 Z ) is indeed C(2) as given by (7.15). The validity of C(N) = σ(H N Z ) for all N should certainly be a consequence of completeness of the Bethe ansatz for the XXZ chain. The latter is understood to mean much more, namely an explicit diagonalization of the XXZ chain Hamiltonian in terms of a Plancherel formula, and therefore the identification of all generalized eigenfunctions and thus also the spectrum of H Z and its N-particle restrictions. For work on this, which we haven't been able to completely verify, we refer to the papers mentioned in the introduction.
7.2. Separation of energy levels. In this section we will prove the existence of spectral gaps for H N Z and H Z . Such results would follow from completeness of the Bethe ansatz and the resulting formulas C(N) = σ(H N Z ), N = 1, 2, . . ., and thus N C(N) = σ(H Z ), given our explicit knowledge of the cluster bands. To keep our arguments "soft" we will instead provide more direct arguments for the existence of spectral gaps.
We start with a simple perturbation theoretic observation, where the kinetic energy term −
is considered as a perturbation of the potential W + N · 1l in (7.1). The latter only takes the values 1, . . . , N and thus
On the other hand it is easy to see that h 
Let us compare this with the lower bound
) which we found above. It is indeed easy to see that
for all k and N (use (7.6) and δ N −k+1 ⊂ δ 1 ), which is an equality for the highest energy band C N (N). Thus we find that for any fixed N and ∆ > 2N the spectrum σ(H N Z ) decomposes into N non-trivial parts σ k , 1 ≤ k ≤ N, separated by gaps such that
We see that σ N = [N − N/∆, N + N/∆], but generally can not identify σ N (or even argue that it is an interval).
Also, (7.22) does not establish the existence of gaps in σ(H Z ), independent of how large ∆ is chosen, as the union of the right hand sides over N covers all of R. All we can say about gaps of H Z so far is that for every ∆ > 1 is has a gap of size 1 − 1/∆ above its ground state energy E 0 = 0: By (5.47) we have min σ(H N Z ) = min δ N , which is increasing in N as shown in the proof of Proposition 7.1. Thus
Our final goal of this section is to show that H Z has an additional gap above the union of the droplet spectra if ∆ is sufficiently large. In the proof of this we will have to go beyond the simple norm estimates which led to (7.22) . 
Proof. We know that σ(
This reduces the proof of the theorem to showing that
As H N Z is unitarily equivalent to the direct integral of H N (ϑ) over ϑ ∈ [−π, π) and δ N is the union of the E N (ϑ) given by (5.38), the proof of (7.27) reduces to
Recall here that H N (ϑ) acts in ℓ 2 (N m ), m = N − 1, via (5.13). We will prove (7.28) by a rank-one perturbation argument. For this let A = e (1,1,...,1) , · e (1,1,. ..,1) be the orthogonal projection onto the span of the canonical basis vector e (1,1,. ..,1) in ℓ 2 (N m ). We will show that
for all N and ϑ. That A is rank-one then implies that H N (ϑ) has at most one simple eigenvalue below 2 − 2/∆, which by Proposition 5.1 is E N (ϑ) (the latter lies in δ N ⊂ [1 − 1/∆, 1 + 1/∆] and thus indeed below 2 − 2/∆ due to ∆ > 3).
The quadratic form of H N (ϑ) + A is given by
where we have used in the second line that T * j+1 and T j (as well as T j+1 and T * j ) commute. Now, we use these inequalities to estimate the kinetic term in (7.30) from below and, after some simplification, get u, P j u + u, u + u, Au .
The operator T * j truncates after a left shift in the j-th coordinate, so that T * j u, T * j u = u, P j u . Therefore u, P j u + u, Au .
The quadratic form on the right hand side is diagonal, i.e. of the form n∈N m α n |u n | 2 . Thus for the proof of (7.29) it remains to be shown that α n ≥ 2 − 2/∆ for all n ∈ N m . For n = (1, 1, . . . , 1) we get contributions from the first and last terms on the right hand side of (7.35) , showing that α (1,1,. ..,1) ≥ 2 − 1/∆. For all other n we have n j ≥ 2 for at least one j ∈ {1, . . . , m}. Thus u, P j u ≥ |u n | 2 , so that contributions from the first and second term in (7.35) yield α n ≥ 2 − 2/∆.
We conclude this section with some remarks: (iii) We believe that for any ∆ > 1 and asymptotically in large particle number the H N Z will have a uniform spectral gap above the droplet band, more precisely: For all ∆ > 1 there exist N 0 and a non-trivial open interval I 0 such that, for all N ≥ N 0 , I 0 lies in a spectral gap above the droplet band δ N of H N Z . With the above reasoning, using that δ N → { 1 − 1/∆ 2 } this can be verified for ∆ > 5/3. For smaller ∆ this would require more refined quadratic form bounds in the above proof. This would be an infinite volume version of the main result in [17] , where it is shown for the finite XXZ chain with ∆ > 1 and suitable boundary conditions that the droplet spectrum is uniformly separated from higher excitations in the limit of a large number of down-spins (particles).
Concluding Remarks
As mentioned in the Introduction, our motivation for looking at the XXZ spin chain stems from our believe that it provides a promising model for the investigation of many-body localization phenomena. While this will be left to future work, we will use this concluding section to elaborate some more on our reasons for this belief.
Specifically, one might want to consider the infinite XXZ chain H Z (ν) in exterior field given by (3.16) , where ν = (ν x ) x∈Z are i.i.d. random variables with common distribution µ such that (8.1) supp µ = [0, ν max ].
H Z (ν) is unitarily equivalent to the direct sum of the operators H N Z (ν) given by (4.24). As explained in Section 4, the latter are Hamiltonians of interacting N-particle Anderson models with attractive next-neighbor interaction Q given by (4.7) and restricted to the fermionic subspace.
A first observation is that each H N Z (ν) is ergodic with respect to the translation T on ℓ 2 (X N ) given by T e (x 1 ,...,x N ) = e (x 1 +1,...,x N +1) and the shift (Sν) x = ν x+1 of the random parameters, that is . A detailed proof of this is given in [10] and follows arguments well known from the study of the Anderson model, e.g. Proposition V.3.5 of [8] or Theorem 2 [21] .
As a consequence, the spectrum of the infinite random XXZ chain is almost surely given by Regarding localization properties, a first question to ask is if for fixed N the spectrum of H N Z (ν) is localized near the almost sure spectral minimum, which, by (8.4) , is given by the minimum of the droplet band. This is a question about localization for the interacting fermionic N-body Anderson model, but the localization regime considered here is not covered by known results on the N-body Anderson model, e.g. [1, 9] . Nevertheless, we believe that the explicit knowledge we have about the droplet spectrum and its generalized eigenfunctions and the fact that the low lying spectrum of H N Z (ν) can be considered as one-dimensional surface spectrum (compare with Figure 5 .1 for the case N = 2) provide tools which will allow to tackle this problem.
Moreover, one could hope that the generalized eigenfunctions for the droplet bands obtained via the Bethe ansatz provide enough quantitative information to control the N-dependence in the localization proof for H N Z (ν). One goal could be to show that the infinite random XXZ chain H Z (ν) has a region of pure point spectrum which extends above √ 1 − ∆ −2 , the limiting point of the droplet bands as N → ∞. This would mean the existence of localized states of arbitrarily large particle number (or droplet size), which can be considered as a form of many-body localization.
